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1 INTRODUCTION 

Rubber components are widely used in railway vehicles. Several types of layered rubber-metal 
springs serve as a part of the suspension systems. Rubber bushes are used in the wheelset guid-
ance systems, traction rods, anti-roll devices, linkage mechanisms and damper joints.  

The rubber components properties are characterised by a stiffness K and a loss angle δ which 
are defined as follows (see Figure 1): 
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with Wloss = loss energy (loss work), i.e. the area of the force-displacement loop. 

 
Figure 1. Identification of stiffness and los angle from a force-displacement diagram. 
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ABSTRACT: The aim of this paper is to compare different rubber component models used dur-
ing the layout and preliminary vehicle engineering, when no components’ measurements are 
available. The model parameter estimation is based on the component’s static stiffness and on 
its dynamic stiffness at the estimated values of the main working frequency and amplitude. Six 
rubber component models are compared and their performance evaluated. Particular attention is 
dedicated to equivalent models consisting of a spring with multiple Maxwell elements in paral-
lel. A method for parameter determination is proposed which provides suited results regarding 
the stiffening and loss energy and requires only 5 input values, independently of the number of 
Maxwell elements. 



It is rather difficult to provide a general description of rubber components’ properties in re-
gard to frequency and amplitude. It is known that the dynamic stiffness is higher than the static 
one. The stiffness increases with increasing frequency, but there is also stiffness increase with 
decreasing displacement amplitude. A quantitative characterisation of dynamic stiffening is ra-
ther difficult because the publications presenting the stiffness data usually consider only certain 
type of component and certain range of frequencies and amplitudes. Eckwerth & Frohn [1] state 
that the frequency effect is dominant at frequencies approximately about 50 Hz, while the stiff-
ness increase with a reduction of amplitude is particularly relevant at low frequencies. Even 
more difficult is to characterise the loss angle value. Some publications show an increase of the 
loss angle with increasing frequency, see e.g. Sjöberg & Kari (2002) [2]. The dependency of the 
loss angle on the amplitude is ambiguous; the loss angle remains often rather constant with the 
change of amplitude. Alonso et al. [3] present the loss angle results with a small maximum at an 
intermediate amplitude, more pronounced at the highest hardness of the tested rubber joint. 

There are large number of investigations dealing with rubber modelling, see review papers 
[4] and [5]. The dynamic stiffening – an increase of stiffness with frequency compared to the 
static stiffness – can be modelled as a time relaxation force by parallel combination of a spring 
with a Maxwell element (ME), which is a dashpot with a spring in series. The stiffening related 
to small amplitudes can be modelled by a friction force in parallel to the elastic force. However, 
a simple Coulomb friction provides force-displacement diagrams differing from typical rubber 
measurement results. Therefore, specific friction models representing rubber hysteresis were 
developed, e.g. by Berg [6, 7] or by Pfeffer & Hofer [8].  

Advanced rubber models contain besides elastic force both the time relaxation force and the 
friction force. Large application found the rubber model by Berg [6, 7], which uses friction de-
scribed by a fractional expression. This friction model is combined in parallel with a spring and 
ME. A comprehensive investigation and comparison of equivalent rubber component models 
was presented by Sedlaczek et al. [9]. The model consists of three different branches: elastic, 
amplitude dependent and frequency dependent branch. The amplitude dependency is represent-
ed by a mathematical shape function based on Berg’s approach. The frequency dependent 
branch uses either a set of two parallel MEs or a fractional differentiation, respectively, both op-
tions in combination with a dashpot in parallel. Yarmohamadi and Berbyuk [10] also use a 
model based on the superposition of elastic, viscous (2 MEs in parallel) and friction forces 
(Berg’s friction model). In total seven model parameters are determined in a way to reduce the 
error between the measured and simulated stiffness and damping of a rubber mount. Other mod-
els and parameter identification procedures based on measured data are presented e.g. by Kim et 
al. [11], Zhang et al. [12] and Kaldas et al. [13]. 

The literature review demonstrates the need of measurement results to derive the parameters 
of advanced rubber component models. However, especially during the vehicle development, 
the components’ measurements are not available. The engineers use the values in the component 
specification or the results of the calculations from the supplier. 

In contrast to a number of other publications dealing with the models which intend to repro-
duce the available component measurements, this paper deals with a typical situation during the 
product development, when there are no component measurements available for layout and pre-
liminary calculations. The aim of this paper is to compare different rubber component models 
and to provide recommendations for the estimation of their parameters. The possible modelling 
options are compared and advantages and limitations of different models discussed. 

2 ASSUMPTIONS USED FOR THE PARAMETER ESTIMATION 

The aim of the presented investigations is to compare the rubber component models which al-
low representation of the vehicle behaviour regarding dynamic as well as quasi-static conditions 
with one parameter set. Although the dynamic stiffening is related not only to frequency but al-
so to amplitude, a pure frequency dependent modelling of the stiffening can be acceptable be-
cause of typical relationship between the frequencies and amplitudes. When running on tracks 
with stochastic irregularities, the amplitudes of displacements are reduced with increasing fre-
quency. To allow a comparison of different models representing the dependency either on fre-



quency or on amplitude, we assume in some comparisons that the product P of a frequency f and 
an amplitude A will remain constant. The amplitude A is then 

Hz0>= f
f
PA  (3) 

The proposed parameter estimation of a rubber component model is based on the estimated or 
on the requested (specified) component’s performance. This is a typical situation during rolling 
stock development, when component measurements are not available. The parameters used as 
input data are: 

• static component stiffness Kst 
• dynamic component stiffness Kn and loss angle δn (or relative damping Dn, respectively) 

for the main working point in vehicle service, i.e. the typical frequency fn, and ampli-
tude An (called also nominal or maim working frequency and amplitude). 

The typical working frequency can be represented e.g. by a bouncing of car body for rubber 
secondary springs (either regular or emergency springs), a frequency of bogie bouncing for rub-
ber primary springs, or a hunting frequency regarding wheelset guidance bushings, respectively. 

The most widely used rubber component’s model is a spring with stiffness k and a dashpot 
with damping rate c in parallel, called Kelvin-Voigt element. Let us first discuss the determina-
tion of parameters of this model. We consider a harmonic excitation with an angular frequency 
ω and an amplitude zmax 

( ) tieziz ωω max=  (4) 

The force on the Kelvin-Voigt element is 
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and the complex stiffness yields 

( ) ( )
( ) cik
iz
iFiK ω
ω
ω

ω +==  (6) 

The maximum component force is a vector sum of the real component Fmax Re and the imaginary 
component Fmax Im 
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The magnitude of the complex stiffness K(iω) is then 
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As the Kelvin-Voigt element cannot represent the typical difference between the static and 
dynamic stiffness of rubber components as known from railway practice, the determination of 
model parameters is based on the dynamic stiffness Kn and on the damping performance, char-
acterised either by a loss angle δn or a relative damping Dn of the oscillating system, respective-
ly. The spring stiffness k of the Kelvin-Voigt element is set equal to the target stiffness Kn. The 
estimation of the dashpot damping rate c can be provided based on an equivalent mass-spring 
system with a mass m connected to ground by the Kelvin-Voigt element. This mass-spring sys-
tem with the eigenfrequency fn represents the behaviour of the investigated system. The relative 
system damping D (defined as system damping related to the critical damping) is 
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with  ωn  = nominal angular frequency. 
If the relative damping Dn is used as an input value, we receive the dashpot’s damping rate c 

from Equation (9). Alternatively, when using the loss angle δn as an input value, this formula 
can be modified using the relationship between the loss angle δ and the relative damping D 
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The damping rate c of the dashpot yields then
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This parameter estimation method can be applied also to other models consisting of linear el-
ements (i.e. springs and dashpots) by transforming them to an equivalent Kelvin-Voigt model 
with the complex stiffness 

( ) ee CiKiK ωω +=  (12) 

with Ke, Ce representing an equivalent stiffness or damping, respectively, of a Kelvin-Voigt el-
ement which has the same behaviour as the investigated model. 

3 A COMPARISON OF COMMON RUBBER COMPONENT MODELS 

A comparison of 6 different model types was conducted in the framework of an EU-founded re-
search project DynoTRAIN [14]. Each model consists of a spring, which can be either linear or 
nonlinear, in parallel with other force element(s) as a dashpot, a Maxwell element, or a friction 
element according to Berg, see Figure 2.  

 
Figure 2. Compared models of rubber components. 

 
The following data are considered as input in the presented examples: 

• Static stiffness Kst = 3 kN/mm 
• Main working point with frequency fn = 4 Hz and amplitude An = 2 mm 
• Dynamic stiffness Kn = 4.2 kN/mm at the frequency fn and amplitude An 
• Relative damping Dn = 5% (or, alternatively using Equation 10, a loss angle of 

δn = 5.7°) at the frequency fn and amplitude An. 
This input data represents a stiffness increase of 40% between the static and the dynamic stiff-
ness. This rather high value of dynamic stiffening was selected to test the modelling options us-
ing a challenging example. For a sake of brevity, only the case with a linear stiffness k0 of the 
spring in the left part of each model is considered in the presented examples. 

The model M1 does not allow fulfilment of both target values of static and dynamic stiffness. 
The spring stiffness k0 is thus set to the dynamic stiffness Kn and the dashpot’s damping rate c0 
is determined to achieve the target damping performance as shown in Chapter 2. All other mod-
els allow the representation of dynamic stiffening. Thus, the elastic force of the spring k0 is de-
fined by the static stiffness Kst and the model parameters are determined with the aim to fulfil 
the target dynamic stiffness Kn and the target loss angle δn (or the target relative damping Dn, re-
spectively) in the main working point. 

The main differences between the behaviour of the models are visualised in Figure 3, which 
displays the stiffness and the loss angle diagrams of models M1, M2, M4 and M6. The static 
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stiffness of the model M1 is the same as the target dynamic stiffness. The model M2 represents 
only a stiffness dependency on frequency, whereas the stiffness of model M4 depends only on 
amplitude. The stiffness dependency on both amplitude and frequency can be seen only with the 
model M6. The loss angle of the model M1 increases unrealistically strongly with frequency, 
whereas it decreases for M2 after an intermediate maximum at a frequency slightly higher than 
zero. The models M4 and M6 show similar loss angle results; rather constant, only slightly de-
pendent on amplitude. 

 
Figure 3. Comparison of models M1, M2, M4 and M6: Stiffness (left) and loss angle (right) in dependen-
cy of frequency and amplitude. 

 
A comparison of stiffness and loss angle results for all compared models can be seen in Fig-

ure 4. The model M2 represents the dynamic stiffening by the visco-elastic force of ME. Apply-
ing the same dashpot damping rate c1 = c0 as in the model M1, the loss angle would be too high. 
To reduce the loss angle, we have to select a higher damping rate c1 which results in a lower 
break frequency of ME. The target loss angle in the main working point is fulfilled selecting 
model parameters with a break frequency of 1.4 Hz. However, the loss angle is large at low fre-
quencies, while vanishing at higher frequencies.  

The model M3 possesses an additional dashpot c0, so that the damping will not go down to 
zero at high frequencies. Using the damping rate c0 close to the value used in the model M1, we 
get a break frequency of 0.5 Hz. The target loss angle in the main working point is fulfilled  and 
increases with frequency above the main working point. 

The friction element of model M4 is selected to fit to the loss energy at the nominal frequen-
cy fn. The loss energy of model M5 is provided not only by the friction element but also by the 
dashpot. Because the target loss energy can be achieved by an arbitrary combination of both ef-
fects, one has to estimate the spread between them. As the presented comparisons concentrate 
on rather low frequencies, we consider that the viscous damping contributes to loss energy by 
20% and the friction damping by 80%.  

The model M6 is the model by Berg [6, 7]. To estimate the parameters of this model, one 
have to assume the distribution of the loss energy between the viscous and the friction damping 
and also the break frequency of ME. The parameter estimation thus requires a good experience. 
We selected parameters resulting in a break frequency of 1.45 Hz (i.e. close to the break fre-
quency of the model M2) and a distribution of the loss energy between the viscous and the fric-
tion damping similar to the model M5. 

To allow a better comparison of linear and nonlinear models, Figure 5 shows results consid-
ering a constant product of amplitude and frequency of P = 8 mmHz. All models besides M1 
show an increase between the static and dynamic stiffness values, but the dynamic stiffening is 
higher at the models with friction (M4, M5, M6). However, there are large differences in the 
loss angle results. 



 
Figure 4. Comparison of all models: Stiffness (left) and loss angle (right) in dependency of frequency 
(top) and amplitude (bottom). 

 
Figure 5. Stiffness and loss angle of the compared models assuming a constant value of the product of 
frequency and amplitude. 

4 MODIFICATIONS OF LINEAR RUBBER MODELS AND THEIR LIMITATIONS 

The parameters of models consisting of linear elements show only a frequency dependent per-
formance. They however can be applied to model the dynamic stiffening of rubber components 
considering that the amplitude decreases with an increasing frequency. The advantage of this 
modelling is not only its possible application in linearised calculations but also an easier deter-
mination of suited model parameters to represent the dynamic stiffening of a rubber component. 

The parameters of the models consisting of linear elements presented in Chapter 3 were iden-
tified by an iterative process comparing the stiffness and the loss energy at the main working 
frequency. The following presentation will derive the formulae for the parameter determination 
and discuss the performance of these models. 
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The model M2 is represented by 4 input values. Three of them are: Static stiffness Kst , fre-
quency fn of the main (typical) working point and dynamic stiffness Kn at the frequency fn . The 
fourth input value can be either the loss angle δn at the nominal frequency fn, or the maximum 
stiffness Kmax at infinite frequency, or the break frequency fb of ME 
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c
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The component’s stiffness will stay in the range of k0 and (k0 + k1) and monotonically increase 
with excitation frequency, reaching its maximum value at the infinite frequency. The spring 
stiffness k0 is equal to the static stiffness Kst.  

Using the break frequency fb as input, the dashpot damping rate c1 can be expressed by Equa-
tion (13). The determination of the real part FRe and the imaginary part FIm of the elastic and 
damping forces at the main working frequency fn yields in a quadratic equation of parameter k1 
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The positive solution of this quadratic equation provides the stiffness k1 
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The damping rate c1 is determined using Equation (13) 
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The stiffness and loss angle in function of frequency for break frequencies fb between 0.5 and 
8 Hz are displayed in Figure 6. Dependent on the selected break frequency, there can be either 
nearby no increase of the stiffness above the main working frequency fn, or a stiffness increase 
which is spread over a large frequency range and provides the maximum stiffness Kmax of more 
than twice of the static stiffness. Both targets – the stiffness Kn as well the loss angle δn – are 
fulfilled for a break frequency of 1.43 Hz. The stiffness and the loss angle curves for this input 
data are included in Figure 6. One can observe that the loss angle curve is first increasing but 
then falling down with increasing frequency. The loss angle values are very low at high fre-
quencies. This is in contrast with typical measurements showing rather marginal change of the 
loss angle with frequency. 

 
Figure 6. Stiffness and loss angle of the model M2 for different break frequencies. 

 
To get an equivalent model with a stiffening distributed over a larger frequency range and a 

rather constant loss angle, the models M2 or M3 need to be extended with additional MEs in 
parallel. For the sake of brevity, we will neglect the dashpot in parallel as used in the model M3; 
the following investigations thus represent an extension of the model M2.  
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The nomenclature of the investigated model with multiple MEs is shown in Figure 7. This 
model is defined by (1+2nM) parameters, with nM = number of MEs.  

 
Figure 7. Model M2 extended to nM Maxwell elements. 

 
The selection of break frequency of the i-th ME for a stiffness increase in the range between a 
low frequency fl and a high frequency fh is proposed according to the following equation (based 
on a proposal presented in [15])  
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The series stiffness of MEs should decrease with increasing break frequency to avoid a too 
large relative damping. The following distribution of series stiffness ki is proposed using a func-
tion with parameter α: 
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The dashpot damping rate of the i-th ME is 
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The elastic and damping component’s forces yield 
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and the stiffness Kn is 

2
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The model parameters can be determined numerically by varying the parameter α in Equation 
(18) with the aim to achieve the target stiffness value Kn. 

To reduce the number of the input values to be estimated, the low frequency fl can be set as a 
function of the selected high frequency fh. The following function was evaluated to provide suit-
ed results 
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The loss angle (or the relative damping) at the main working frequency fn is determined by other 
target values and is thus not used as input. It can be used as a target value instead of one of the 
previous target values; however, the solution exists only for some input data sets. 

This methodology allows a reduction of the total number of input values to 5, independently 
of the number of MEs. The results for the models with 1 ME, 3 MEs and 5 MEs are shown in 
Figure 8 and compared with the nonlinear model by Berg considering that the amplitude A de-
pends on frequency f according to Equation (3) with P = 8 mmHz.  The model with 3 MEs pro-
vides the best agreement with the Berg’s model regarding the stiffening; however, the loss angle 
is higher than the target value. The model with 5 MEs shows approximately constant value of 
the loss angle in the investigated frequency range, with values close to the Berg’s model.  

 
Figure 8. Stiffness and loss angle of the model M2 extended to 3 or 5 Maxwell elements, respectively, in 
comparison with nonlinear model M6 by Berg. 

5 SUMMARY AND CONCLUSIONS 

Rubber components are widely used in modern railway vehicles. Simulation models used in 
running dynamics have to represent at least approximately the properties of rubber components, 
particularly the dynamic stiffening. However, the measurements suited for identification of 
model parameters are often not available, mainly during the layout and preliminary engineering 
phases. This paper deals with this situation. Different rubber component models are compared 
and recommendations for the estimation of their parameters provided. 

The stiffness of rubber components shows dependency on amplitude as well as on frequency. 
The modelling of a stiffness increase at smaller amplitudes requires application of a friction el-
ement, preferably a friction model suited to represent the hysteresis loop typical for rubber 
components. Nevertheless, the dynamic stiffening can be modelled also using models consisting 
of linear components, assuming that the amplitude reduces with an increasing frequency, which 
is a typical relationship when running on stochastic track irregularities. To consider this effect, 
we assume that the product of frequency and amplitude remains constant. On this way, the stiff-
ening dependent on the amplitude and on the frequency can be represented by a frequency de-
pendent behaviour only, which can be modelled using linear elements. 

Using a model with one ME only, one can modify the break frequency of ME and the maxi-
mum dynamic component’s stiffness to achieve the required stiffness at the main working point. 
Such model, however, often provides a too large loss energy, unless the dynamic stiffening is 
limited to a small frequency range. Using more than one ME in parallel, the stiffening is spread 
over a wider range of frequencies and the loss angle remains rather constant in larger frequency 
range. A method for parameter determination of models with multiple MEs is proposed. This 
method requires only 5 input values independently of the number of MEs and provides suited 
results regarding the stiffening and loss angle. 
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